We describe a novel topological superfluid state, which forms in a one-dimensional Fermi gas with Rashba-like spin-orbit coupling, a Zeeman field and intrinsic attractive interactions. In spite of total number conservation and the presence of gapless excitations, Majorana-like zero modes appear in this system and can be linked with interfaces between two distinct phases that naturally form at different regions of the harmonic trap. As a result, the low lying collective excitations of the system, including the dipole oscillations and the long-wavelength phonons, are doubly degenerate. While backscattering from point impurities can lead to a splitting of the degeneracies that scales algebraically with the system size, the smooth confining potential can only cause an exponentially small splitting. We show that the topological state can be uniquely probed by a pumping effect induced by a slow sweep of the Zeeman field from a high initial value down to zero field.
Introduction.-Recent experiments with semiconducting nanowires have shown possible signatures of Majorana zero modes, the hallmarks of a topological superconducting state, localized at the ends of the wires [1, 2] . The two key ingredients required to realize such topological states are a single particle dispersion affected by spin-orbit coupling and a Zeeman field, and pairing correlations induced by proximity coupling to an s-wave superconductor [3, 4] .
Systems of ultracold atoms offer a high degree of controllability, and are therefore attractive as platforms for realizing Majorana zero modes [5] . Effective spin-orbit coupling and Zeeman field can also be generated in systems of ultra-cold atoms confined to one dimension [6] [7] [8] [9] . However, in this case it is much more difficult to induce pairing correlations externally. This naturally leads to the following basic question: can intrinsic attractive interactions (generated naturally in atomic systems with Feshbach resonances) lead to a topological phase and Majorana zero modes without externally induced pairing?
If the system was two or three dimensional then attractive interactions, naturally generated in atomic systems with Feshbach resonances, would give rise to a BardeenCooper-Schrieffer (BCS) pairing gap equivalent to that induced by proximity to a bulk superconductor. But this is not the case in the one-dimensional system in question, where long range order superfluid order is impossible. Nevertheless, it was shown in Refs. [10, 11] that proximity coupling of two independent spin orbit coupled wires to a single one-dimensional superconducting wire with quasi-long range pairing correlations would retain a Majorana-like ground state degeneracy. The question remains if a single, isolated wire can sustain similar topological zero modes due to the intrinsic attractive interactions.
In this paper we use an effective field theory to answer this question and characterize the emergent low energy modes. We show that this system can exhibit Majoranalike degeneracies in spite of having no proximity coupling to an external pairing field. The zero modes are associated with interfaces between distinct phases that may form in different regions of the trap due to the spatial variation of the chemical potential. We term "topological" the phase established where the chemical potential is inside the Zeeman gap. This phase supports gapless single-fermion excitations. In other regions the attractive interactions dominate and generate a gap to singlefermion excitations. The Majorana-like quasi-zero modes occur in a configuration, as illustrated in Fig. 1 .a, which includes at least two "topological" regions. The physical picture and observable consequences of the zero modes in this charge conserving system, which emerge from our exact analysis, are notably different from previous mean field studies [12, 13] . We show how to probe the zero modes and expose their topological origin through a pumping phenomena induced by a quasi-adiabatic sweep of the Zeeman field. Model -We consider a one dimensional Fermi gas with spin-orbit coupling, a Zeeman field and short ranged attractive interactions described by the following Hamiltonian
Here ψ σ annihilates a fermion with spin σ =↑, ↓, ψ T = (ψ ↑ , ψ ↓ ), m is the particle mass, α the spin-orbit coupling strength, µ the chemical potential, δ z is an effective Zeeman field, V (x) = mΩ 2 x 2 /2 is the parabolic trapping potential, and U > 0 is the interaction strength.
The parabolic trap potential can be thought of as a position dependent chemical potential. We consider filling the system to a point that the chemical potential in the middle of the trap is located above the Zeeman gap and continuously decreases towards the flanks. In the usual case where there is a small proximity induced swave pairing field ∆ < δ z , the spatially dependent chemical potential tunes the system from a trivial state in the middle of the trap to two topological states on the sides arXiv:1412.3444v1 [cond-mat.quant-gas] 10 Dec 2014 "trivial" "trivial" "trivial" "topological"
"topological"
(a) (b) which further transform to trivial states at the ends of the system (see Fig. 1.a ). An alternative way to tune the system between the same two phases, is by varying the ratio of ∆/δ z , while keeping the chemical potential fixed in the middle of the gap. The topological phase is established in the region where ∆/δ z < 1. This way of tuning proves to be a convenient theoretical tool in deriving the universal low energy theory of the system. Low energy theory.-As a preparatory step consider an infinite homogenous wire described by the Hamiltonian (1) with µ = 0. It is convenient to formulate the long wavelength theory starting from the case with δ z = 0. Then we have four fermion modes crossing the Fermi energy, R a and L a , as shown in Fig. 1 .b. a = 0, 2 labels the modes at k = 0 and k = ±2k 0 ≡ ±2mα respectively. Next, we Bosonize the four chiral modes at k = 0, ±2k 0 : The Hamiltonian (1) written in terms of the bosonic fields includes, as usual, a quadratic (Luttinger liquid) part due to the kinetic energy and forward scattering channel of the interaction. On the other hand the Zeeman term and the BCS channel of the attractive interactions give rise to the respective cosine terms dx [g z cos 2φ 0 + g i cos 2 (θ 0 − θ 2 )], with the coefficients
2π (at weak coupling). Note that the cosine terms affect both of Luttinger liquid modes 0 and 2. However, we can simplify the situation by means of the following canonical transformation:
In this representation the two modes are decoupled in the low energy limit [14] and the Hamiltonian takes the form H = H + + H − , with
and where u ± and K ± are the renormalized velocities and Luttinger parameters in the two channels. The Hamiltonian H + describes a single gapless phonon mode corresponding to fluctuations of the total charge
. H − is generically gapped by the cosine terms; it realizes one of two distinct phases separated by a critical point. Which of the two phases is established depends on which one of the two cosine terms is larger and dominates the physics. The 'trivial' phase is established when the interaction dominates and θ − is pinned to 0 or π by the corresponding cosine term. This phase is adiabatically connected to the conventional spin-gapped Luther-Emery liquid, which forms in a one dimensional Fermi gas with spin symmetry and attractive interactions. In our case, the spin symmetry is broken by the Zeeman and spin-orbit couplings. But because the Zeeman field can only change the spin by integer values, while the total spin can be either integer or half integer, it leaves a residual Z 2 fermion parity symmetry intact. The spin gap of the LutherEmery liquid thus persists, in our case, as a gap to halfinteger spin excitations, which carry the aforementioned Z 2 quantum number.
The phase we term 'topological' is formed when the Zeeman field dominates over the interaction and pins the field φ − to 0 or to π, while the field θ − is strongly fluctuating. In contrast to the trivial phase, here single fermions, or half-integer spin excitations, are gapless.
One can drive a transition between the two phases by changing the value of the Zeeman coupling while keeping the chemical potential fixed (say at µ = 0). Alternatively, changing the chemical potential while keeping the Zeeman field fixed will have the same effect. Specifically, tuning the chemical potential away from µ = 0 moves the putative inner Fermi points away from q = 0, thereby making the Zeeman coupling less relevant. For weak attractive interactions the transition from the topological to the trivial phase is expected to occur approximately when the chemical potential goes above or below the Zeeman gap in the single particle dispersion. Zero modes.-We now turn to discuss an inhomogeneous system with spatial interfaces between the different phases discussed above. Such a situation occurs naturally in the harmonic trap potential as illustrated in Fig. 1 .a. First, we discuss the ground state degeneracies expected to occur in such configurations based only on the properties of the low energy theory (2) and (3). Back-scattering terms, which are present due to the absence of translational invariance, will be discussed later.
Within the trivial regions, the θ − field is pinned to either 0 or π. The two possible values of θ − do not correspond to physically different states, however, since the value of θ − does not correspond to a physical observable. In terms of the fermion densities, θ − can be written as
i.e. it is related to the total spin to the left of point x. Hence, only the differences between two points
is a physical quantity, independent of an arbitrary number of spins added at −∞. Moreover, since the total spin is conserved only up to an integer value, the physical observable that can distinguish different ground states is the two point correlation function
) . In a single region of the trivial phase the field θ − is pinned uniformly, and this correlation function is always unity. If there are multiple trivial regions separated by topological regions (as in Fig. 1 ), then there can be multiple configurations of θ − (j) (defined in the trivial regions j), which represent physically distinct ground states. These states can be labeled by the values of the spinparity on each of the topological regions:
Note that a configuration with P j,j+1 = −1 requires the phase θ − to twist by π inside the topological region between x j and x j+1 . Such a twist incurs an energy cost that is exponentially small in the size of the region, because the phase θ − has vanishing stiffness in the topological phase. Hence the different configurations of P j,j+1 indeed represent zero modes up to the exponential splitting. Moreover the ground state degeneracy scales with the number of interfaces, I, as 2 I/2 , as expected from Majorana zero modes. In the supplementary material a direct mapping to Majorana fermions is derived by re-fermionizing the low energy theory.
It is important to realize, however, that the exact number of ground states is 2 I/2 /2, a factor of half smaller than for usual Majorana zero modes. The lost zero mode is the one that corresponds to the total parity of the system. States that differ in the total parity P = cos[π(N ↑ − N ↓ )] must also differ in the total number N = N ↑ + N ↓ . In a charge conserving system changing N by one (equivalently, twisting the field φ + by π across the whole system) incurs an energy cost of 1/(κL), where κ −1 = u + /K + is the compressibility. Hence the putative zero mode is indistinguishable from usual phonons in this case. There is no topological degeneracy in a configuration with a single topological region. This is an essential difference, also pointed out in Refs. [10, 11] , between a charge conserving system and one with proximity coupling to a superconductor.
Back-scattering.-The spatial potential variations, which give rise to interfaces, may also lead to scattering between the four modes near the Fermi surface. Of the different processes, only scattering which involve 2k 0 momentum transfer, i.e.
., can be potentially harmful to the topological degeneracy discussed above.
These terms have a simple interpretation when expressed in terms of the bosonic fields. The wire can then be viewed as a thin superconducting strip, and the backscattering corresponds to tunneling of an hc/2e vortex across it. A second order process involving a vortex tunneling across the parts of the wire on the two sides of a topological segment is equivalent to a vortex encircling that region (see also Ref. [10] ). Such a process cannot change the fermion parity of the topological segment, but it acquires a sign which depends on the fermion parity there. This leads to a splitting of the degeneracy proportional to the magnitude of the second order process. Because the process involves excitation of the symmetric (charge) sector, the splitting is proportional to the charge correlations between the two scattering points exp[i(φ + (
−K+/4 . We are particularly interested in the backscattering produced by the smooth potential variation in a harmonic trap. We anticipate that in this case the backscattering matrix elements V bs , induced by the potential gradient, would themselves be functions of the system size, thus leading to further reduction of the energy splitting. To derive the magnitude of these scattering terms we consider the non-interacting part of the Hamiltonian (1). First note that far from classical turning points the Fermi wavelength of both propagating modes is small compared to the rate of change of the underlying potential. In such a case the Wannier-Kramers-Brillouin (WKB) approximation may be applied. In this situation, any backscattering amplitude is exponentially small in the slope of the potential [15] (and therefore also in the total system size). The WKB approximation breaks down at the classical turning points, which are located where the chemical potential crosses the top or bottom of the Zeeman gap, or at the edges of the cloud where the chemical potential is at the bottom of the single particle dispersion. Consider a pair of backscattering events occurring on the two sides of a single topological region in the setup shown in Fig.  1(a) . On one side of this region there is always strong scattering from the point x 0 at the edge of the cloud. The topological degeneracy is then lifted by backscattering events near the interfaces at x 2 or x 3 .
To compute the backscattering strength near x 2,3 we linearize the potential near those turning points, taking V (x) ≈ V (x j ) + r (x − x j ), where r = mΩ 2 x j ∝ Ω. Next, we apply a Gauge transformation, which transforms the linear potential into a vector potential linearly increasing in time, i.e. V (x) → V (x) − r x and A(t) → r t. This leads to the translationally invariant Hamiltonian
where the momentum p is conserved. We are left with the task of finding the evolution of a two-level system with a time-dependent Hamiltonian. This is just the famous Landau-Zenner problem. The back-scattering process involves a transition between the two dispersion branches separated by the Zeeman gap δ z . The backscattering amplitude is therefore obtained directly from the well known Landau-Zenner formula V bs ∼ e −πδ 2 z /( αr) ∼ e −Ω0/Ω , where Ω is the trap frequency and
. The total system length is inversely proportional to the trap frequency: L ∝ 1/Ω. We conclude that in presence of a smooth confining potential, such as a harmonic trap, the splitting of the topological degeneracy is exponentially small in the system size, as in the non-charge conserving case. Note that the entire low-energy spectrum is nearly doubly degenerate. Probing -We propose to detect the topological state through a pumping effect induced by a slow variation of the Zeeman field, starting from a very high value down to zero. The configuration of segments in the trap slowly changes with the changing field as sketched in Fig. 2 . (a) When δ z 0 the entire trap is in the 'topological' phase. As the field is reduced, trivial segments form at The topological segments eventually vanish leaving the entire system in the trivial phase with a gap to single particle excitations. This process can lead to a rather surprising final state with clear topological origin. The topological degeneracy is first established after the trivial segment is nucleated in the middle of the trap at stage (b). This stage is described by creation of a pair of Majorana zero modes at the newly formed interfaces 2 and 3. Because they are created from the vacuum these modes are in a definite fusion channel (i.e. the trivial channel iγ 2 γ 3 = 1). In this case the fermion parities P 12 = iγ 1 γ 2 and similarly P 23 in the topological region cannot be definite. Rather the system must be in the superposition state | ψ e = | 1, −1 + | − 1, 1 if the total particle number is odd, or in | ψ o = | − 1, −1 + | 1, 1 if it is even. In the subsequent evolution, while all interfaces are well separated, the system remains frozen in this state (we assume the sweep is fast compared to the exponentially slow dynamics within the topological subspace).
Finally the two pairs γ 1 , γ 2 and γ 3 , γ 4 fuse when the topological regions shrink and vanish. In the case of odd total particle number this process will always end up creating a single fermion quasiparticle (originating from the odd parity state of either the left or right topological region) above the parity gap of the trivial state. This is expected and does not rely on the topological properties of the intermediate phases. On the other hand, if the total number is even, then we have 50% chance to end up with a pair of quasi-particles above the gap. Here there is a surprise in the apparent contradiction with naive ap-plication of the adiabatic which would suggest that we should end up in the ground state. When probing an ensemble of systems we expect half of them to have even particle number and half odd. Therefore the average energy quasi-particles created in a sweep is ∆ (where ∆ is the parity gap) in contrast with the naive expectation of ∆/2. We expect this scheme to work even at finite temperature as long as the final temperature T f ∆ because the topological degeneracy persists to the low lying collective excitations. Conclusions -We predicted that an ultra-cold Fermi gas with Rashba-like spin orbit coupling in a one dimensional harmonic trap, a Zeeman field and intrinsic attractive interactions will form a novel topological state. Majorana zero modes are associated with interfaces between topological and trivial phases in the trap which form in different regions due to spatial modulation of the potential. One important difference of the charge conserving system from one that is proximity coupled to a superconductor is that in the former case there is no degeneracy associated with a single topological segment; at least two are needed for a non-trivial degeneracy. We have proposed a simple pumping scheme that would detect the degeneracy and expose its topological origin.
Supplementary Information
Fermionization of the double sine-Gordon model and Majorana edge modes in the parabolic trap The low energy effective theory which describes the two possible phases of the superfluid in the trap and the critical point between them can be written in terms of Majorana fermions through reformionization of the double sine-Gordon model (Eq. (3) in the main text) in a rather standard way (see e.g. [17] ). We define the Majorana fermions:
The two Majorana species ξ and η acquire the quadratic mass terms −i∆ + η L η R − i∆ − ξ L ξ R , where ∆ ± ≡ ∆ ± δ z and ∆ ≡ ρ 0 U/π. Hence, by varying the effective Zeeman field δ z we tune the pair of lower energy Majorana modes ξ T = (ξ L , ξ R ) through a critical point at which their gap changes sign. The second pair of Majorana modes retains a higher gap throughout, which makes the quartic interaction between the four Majorana species highly irrelevant and allows to safely integrate out the fields η L,R . This leads to a low energy Hamiltonian of the form:
This theory describes a transition between two different pairing phases in the fermion sector as the gap ∆ − changes sign. The coupling term λ can affect the critical point in an interesting way [18] , but it cannot change the two phases where the Majorana modes are gapped. We note that this coupling is not obtained directly from the refermionization applied above, but is rather generated at higher order upon integrating out the higher energy modes. Hence the coupling constant λ is aproiori small. We now consider the parabolic trap potential V (x) = 1 2 mΩ 2 x 2 , where m is the bare mass and µ > δ z so that the chemical potential in the center of the trap is located above Zeeman gap. Within a local density approximation, we can think of the external potential as giving rise to a local chemical potentialμ(x) = µ − V (x), where of course the true electro-chemical potential is constant along the trap. Decreasing the local chemical potential can be viewed instead as a modulation of the effective Zeeman field δ z (x) in a constant chemical potential, as it becomes gradually less effective in polarizing the spin. The effective value of the Zeeman field is determined by the expectation value of the Zeeman energy of particles at the fermi energy. Using the single particle dispersion and assuming that throughout the region of interest V (x) F ≈ mα 2 /2, the effective Zeeman field is given bỹ
Note that in this expression we have assumed that ∆ is sufficiently large such that V (x) at the position of the bound state is small compared to the full Zeeman gap δ z , the accurate expressions are found in Ref. [12] . The gap in the Majorana sector of the low energy theory [Eq. (7)] is determined by the difference between the pairing interaction and the effective Zeeman field ∆ − = ∆ −δ z (x). The points in the trap where this function changes sign can now be given in terms of the bare Zeeman field and pairing interaction (The number conserving interaction ∆ appears as a pairing field in the anti-symmetric, i.e. relative mode, sector):
1 Ω (10)
This result is consistent with that derived using a mean field (Bogoliubov-deGennes) treatment of the Fermi gas in a trap in Ref. [12] . To obtain the explicit form of the zero mode wave function we linearize ∆ − (x) around the four points x 1 . . .
Using this gap function we get solution of the BdG equations near to the points where the gap changes sign is given by
We see that the Majorana interface modes are localized on the length d ∝ √ L ∝ 1/ √ Ω. Hence the two interface modes become increasingly better defined as we take the limit of a larger trap Ω → 0. The bound state operator γ i and the gapped modes orthogonal to itγ i are given by the transformation
where η j = ±1 for the states at the opposite ends j = 1, 2 and j = 3, 4.
Ground state energy splitting due to 2k0-backscattering
In this section we discuss the ground-state energy splitting due to backscattering with 2k 0 momentum transfer from local impurities in the potential. Such backscattering is described by the Hamiltonian
In terms of the bosonic fields
this Hamiltonian assumes the form
where ϕ is the phase between V 2k0 andṼ 2k0 and F 0 , F 2 are sermonic Klein factors. The backscattering perturbation (14) thus couples the spin-parity operator cos θ − (x) to an operator which generates π phase slips in the phase θ + . Therefore, this perturbation is irrelevant in the topological regions where the parity operator is disordered. However, as explained in the main text, in the trivial regions it may have a more harmful effect. Depending on the value of K + it can give rise to two distinct behaviors: (i) For K + < 4 the perturbation. (14) is a relevant and thus effectively disconnects the two sides of the gas at the longest scales [16] . If there is a distribution of such scatterers they will eventually separate all topological regions into isolated islands, which will give rise to a ground state energy splitting given by the charging energy associated by transferring particles between the islands. In this case the ground state energy splitting will generally scale as 1/L. (ii) For K + > 4 the scatterer becomes a weak-link through which vortices can tunnel across and cause π phase slips in the superconducting phase θ + . The process in which a vortex encircles a given topological region is sensitive to the spin-parity in the region and thus splits the ground state degeneracy without modifying the spin-parity. To encircle the topological region the vortex must penetrate through the wire at two points located in the two trivial regions surrounding the topological one, and therefore this effect appears only at second order when there at least two scattering centers.
To see this we consider two scattering centers of the form (14) located at two points x 1 and x 2 surrounding a given topological region We now turn to estimate the backscattering by calculating the scattering matrix due to the barrier potential
In this potential the inner modes incur a classical turning point at x = 0 where the slope of the potential is V (x j ) =
